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Introduction

Introduction

Why are there so many Cohen-Macaulay rings
which are not Gorenstein?
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Introduction

Example 1.1 (Determinantal rings)
Let S=k[X;|1<i<m1<;j<n](2<m< n) be the polynomial
ring over a field k and put

R = S/It(X)
where 2 < t < m, I;(X) is the ideal of S generated by t x t-minors of
X = [Xjl.

Then
R is a Gorenstein ring <= m=n.
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Introduction

Aim of this research

Find a new class of Cohen-Macaulay rings which may not be
Gorenstein, but sufficiently good next to Gorenstein rings.
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Introduction

History of almost Gorenstein rings

@ [Barucci-Froberg, 1997]

- one-dimensional analytically unramified local rings

@ [Goto-Matsuoka-Phuong, 2013]

- one-dimensional Cohen-Macaulay local rings

@ [Goto-Takahashi-T, 2015]

-+« higher-dimensional Cohen-Macaulay local/graded rings
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AGL rings

Survey on one-dimensional almost Gorenstein local rings

Setting 2.1
@ (R,m) a CM local ring with dimR =1
@ |R/m| =00

@ 1 Kp the canonical module of R

@ 3/ C R anideal of Rs.t. | 2Kpg

Therefore, 3 eo(/) > 0, e1(/) € Z s.t.

(R(R/IM1Y = eo(/)(”T) ~ey(N)

for Vn > 0.
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Set 1(R) = ¢gr(Extk(R/m, R)).

Definition 2.2 (Goto-Matsuoka-Phuong)
We say that R is an almost Gorenstein local ring, if e;(/) < r(R). J

Suppose that / contains a parameter ideal Q = (a) as a reduction, i.e.
I""h=QI" for 3 r>0.

We set |
X
K:f:{;\xel}gQ(R).

a

Then K is a fractional ideal of R s.t.

RCKCR and K=Kpg.
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Theorem 2.3 (Goto-Matsuoka-Phuong)
R is an almost Gorenstein local ring <= mK C R (i.e. m/ C Q)

Example 2.4

(1) Al %, %]

(2) k[[te,tetL ... t2e73 267 1] (e > 4)
(3) K[[IX,Y,Z]l/(X,Y)n(Y,Z)n(Z,X)
(4) k[[X,Y,Z,U,V,W]]/I, where

I = (X3=2Z%Y?-ZX)+ (U, V,W)?
+ (YU = XV, ZU — XW,ZU — YV,2ZV — YW, X?U — ZW)
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Corollary 2.5 (Goto-Matsuoka-Phuong)

Suppose that R is complete and contains a field of ch p > 0. If R is
F-pure, then R is an almost Gorenstein local ring.
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AGL rings

Almost Gorenstein local rings of higher dimension

Setting 2.6

@ (R,m) a CM local ring with d =dim R

@ |R/m| =00

@ d Kg the canonical module of R

Definition 2.7 (Goto-Takahashi-T)

We say that R is an almost Gorenstein local ring (abbr. AGL ring), if 3 an
exact sequence

0—-R—-Kr—>C—0

of R-modules s.t. ug(C) = e%(C).
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Look at an exact sequence

0-R—-Kr—>C—0
of R-modules. If C # (0), then C is CM with dimg C =d — 1.
Set Ry = R/[(0) :r C].

Then 3 f1,f,...,fy_1 €mst. (A,h,...,fy—1)R forms a minimal
reduction of m; = mRy. Therefore

e0(C) = &, (C) = Lr(C/ (A, oy ... fa_1)C) > Lr(C/mC) = g(C).

Thus
HR(C) = e)(C) == mC = (i, f,.... f41)C.

Hence, C is a maximally generated maximal Cohen-Macaulay Ri-module
in the sense of B. Ulrich, which is called an Ulrich R-module.

Naoki Taniguchi (Waseda University) Almost Gorenstein rings January 17, 2019 11/40



Definition 2.8

We say that R is an AGL ring, if 3 an exact sequence
0>R—-Kr—=C—0

of R-modules s.t. either C = (0) or C # (0) and C is an Ulrich R-module.

Remark 2.9
Suppose that d = 1. Then TFAE.

(1) Ris an AGL ring in the sense of Definition 2.8.

(2) Ris an AGL ring in the sense of [GMP, Definition 3.1].
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Theorem 2.10 (NZD characterization)

(1) If R is a non-Gorenstein AGL ring of dimension d > 1, then so is
R/(f) for genaral NZD f € m \ m2.

(2) Let f € m bea NZD on R. If R/(f) is an AGL ring, then so is R.
When this is the case, f ¢ m?, if R is not Gorenstein.

Corollary 2.11

Suppose that d > 0. If R/(f) is an AGL ring for every NZD f € m, then
R is Gorenstein.
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Example 2.12
Let S=k[[X;j|1<i<m1<j<n]](2<m<n)and k an infinite
field. We put

R = 5/1¢(X)

where 2 <t < m, X = [Xj].

Then

Risan AGLring <= m=n,orm#n, t=m=2

14 /40

Naoki Taniguchi (Waseda University) Almost Gorenstein rings January 17, 2019



AGL rings

(<) Let X = (Q X Q) and put R = S/I;(X) (n > 2). Then R is a
CM ring with dimR=n+1and r(R) =n—1.
Notice that {Xj — Yj_1}1<i<n (here Yo = Y},) forms a regular sequence on
R and we get

R/(XI - s/i—l ‘ 1<i< H)R = k[[X17X27 s 7Xn]]/I2(N) =A

where N = (2 2 X)’Zl 2’) Then Ais a CM ring with dim A =1 s.t.

n2 = xyn and K & (X1, X2, .« y Xn—1)-

Thus A is an AGL ring, since n(x1,x2,...,xn—1) C (x1). Hence, R is AGL.

(=) Use the minimal free resolution. O
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Theorem 2.13

Let (S,n) be a Noetherian local ring, ¢ : R — S a flat local
homomorphism. Suppose that S/mS is a RLR. Then

R is an AGL ring <= S is an AGL ring.

Therefore
@ Risan AGL ring < R|[[X1, X2,...,Xp]] is an AGL ring.

@ Ris an AGL ring «— R is an AGL ring.
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Theorem 2.14

Suppose that d > 0. Let p € Spec R and assume that R/p is a RLR of
dimension d — 1. Then TFAE.

(1) Rx p isan AGL ring.
(2) R is an AGL ring.

Corollary 2.15 (Goto-Matsuoka-Phuong, Goto-lIsobe-T)
Suppose that d = 1. Then TFAE.

(1) Rx m is an AGL ring.

(2) R is an AGL ring.

(3) R xg/m R is an AGL ring.
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Example 2.16
Let k be an infinite field. We consider
Al =K[[X,Y,Z, UV, W]||/I, Ax=k[[X,Y,Z,U, V,W]]|/J,
where
I = (X3-22,Y?-ZX)+(U,V,W)?
+ (YU - XV, ZU — XW,ZU — YV,ZV — YW, X?U — ZW)

J = (X3=Z%2Y2-ZX)+ (U = W2 v2 - UW)
+ (X, Y, 2)(U,V,W).
Then

Ar = k[[t4, 65, tO] x (¢4, 85, %), A = k[[t*, t3, t]] x« K[[t*, t, t9]]

and hence Aj, A are AGL rings.
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Theorem 2.17

Let (R,m) be a CM complete local ring with dim R = 1 and assume that
R /m is algebraically closed of characteristic 0. Suppose that R has finite
CM representation type. Then R is an AGL ring.
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Theorem 2.18 (Goto)

Suppose that R is a non-Gorenstein AGL ring with dim R > 1. Let M be a
finitely generated R-module. If

Extk(M, R) = (0)

for Vi > 0, then pdg M < oc.

Corollary 2.19

Suppose that R is an AGL ring with dim R > 1. If R is not a Gorenstein
ring, then R is G-regular, i.e.

Gdimg M = pdg M

for every finitely generated R-module M.
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Semi-Gorenstein rings

Semi-Gorenstein local rings

In this section we maintain Setting 2.6.

Let F = {l,}nez be afiltration of ideals of Rs.t. h =R, h # R.
We consider the R-algebras

R=> ILt"CR[t], R'=> Lt"CR[t,t""], and G=R//t"'R'

n>0 nez

associated to F, where t is an indeterminate.

Let N denote the graded maximal ideal of R’.
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Semi-Gorenstein rings

Theorem 3.1

Suppose that R is a Noetherian ring. If Gy is an AGL ring and
r(Gy) < 2, then R is an AGL ring.

Proof.

We may assume r(Gy) = 2. Since Ry is an AGL ring with r(R'y) = 2
we have
0= Ry —=Kgy = C—0

where C = a RLR of dim d.

Let p=mR[t,t" ] and set P =pNR'. Then P C N, so that R[t,t™!],
is an AGL ring, because

R[t, t_l]p = R,P = (R/N)PR’N'

Hence, R is an AGL ring, since R — R[t,t~!] — R[t,t71], is flat. O
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Semi-Gorenstein rings

Example 3.2 (Barucci-Dobbs-Fontana)

Let R = k[[x* x® + x7,x19]] C V, where V = k[[x]] and k is an infinite
field of ch k #£ 2. Let

@ H={v(a)|0+# ac R} the value semigroup of R
@ F = {(xV)" N R} ez the filtration of ideals of R.
Then
(1) H=(4,6,11,13).

(2) G = k[x* x5 x11, x3] and Gy is an AGL ring with 1(Gy) = 3, so
that R/ is AGL.

(3) Ris NOT an AGL ring and r(R) = 2.

Therefore, (R'n)pr’, is NOT an AGL ring.

Naoki Taniguchi (Waseda University) Almost Gorenstein rings January 17, 2019 23/40



Semi-Gorenstein rings

Definition 3.3

We say that R is a semi-Gorenstein local ring, if R is an AGL ring which
possesses an exact sequence

0>R—-Kr—C—0

s.t. either C = (0), or C is an Ulrich R-module and C = @%_, C; for some
cyclic R-submodule C; of C.
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Semi-Gorenstein rings

Therefore, if C # (0), then
Ci = R/p; for 3 p; € Spec R

such that R/p; is a RLR of dimension d — 1.
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Semi-Gorenstein rings

Therefore, if C # (0), then
Ci = R/p; for 3 p; € Spec R
such that R/p; is a RLR of dimension d — 1.
Notice that
@ AGL ring with dmR =1
@ AGL ring with r(R) <2

are semi-Gorenstein rings.

Proposition 3.4

Let R be a semi-Gorenstein local ring. Then R, is semi-Gorenstein for
Vp € Spec R.
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Theorem 3.5

Let (S,n) be a RLR, a C S an ideal of S, n = htsa. Let R=S/a. Then TFAE.

(1) R is a semi-Gorenstein local ring, but not Gorenstein.

(2) RisCM, n>2, r=1(R) > 2, and R has a minimal S-free resolution:

OHF":Sr%F”_]-:Sq*)Fn—Z*)"'*)FI*}FOZS*)R%O

I Yo1Y22 - Yoo  Y31Y32: - Y3¢ Yri¥Yr2 - Yre Z2122°°°Zm
X21X22 ** * X2p 0 0 0 0
tM = 0 X31x32---x3p 0 0 0
0 0 0 XX X 0
L=n+1qg>(r—1)¢ m=q—(r—1)¢, and x;1, Xj2, ..., Xi¢ is

a part of a regular system of parameters of S for 2 < Vi < r.
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Semi-Gorenstein rings

When this is the case

r
0= (a2, zm) + O T2 (SA 2 4E).
i=2
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Semi-Gorenstein rings

Example 3.6
Let ¢ : S = Kk[[X,Y,Z, W]] — R = k[[t5, t° ", t°]] be the k-algebra
map defined by

p(X) =%, oY) =1° ¢(Z) =t" and o(W)=t°.

Then
0552Mg6 .65 .5 R0,

where
tNM = (W X2 XY YZ Y2-XZ 7>~ XW
XY Z W o0 0 :

Hence R is semi-Gorenstein with r(R) = 2 and

2 2 2
Kerp = (Y2 — XZ,Z% — XW) + 1L (W X2 XY YZ).

Naoki Taniguchi (Waseda University) Almost Gorenstein rings January 17, 2019



AGG rings

Almost Gorenstein graded rings

Setting 4.1
® R=P,>0Rna CM graded ring with d = dim R

(Ro,m) a Noetherian local ring

|[Ro/m| = oo

3 Kg the graded canonical module of R

M =mR + Ry
@ a=a(R):=—min{ne€ Z | [Kg]n # (0)}

Naoki Taniguchi (Waseda University) Almost Gorenstein rings January 17, 2019



Definition 4.2

We say that R is an almost Gorenstein graded ring (abbr. AGG ring), if 3
an exact sequence

0—-R—=Kg(—a) > C—0

of graded R-modules s.t. ur(C) = €$,(C).

Notice that
@ Ris an AGG ring = Ry is an AGL ring.

@ The converse is not true in general.
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Theorem 4.3

Let R = k[R:] be a CM homogeneous ring with d = dim R > 1. Suppose
that |k| = co and R is not a Gorenstein ring. Then TFAE.

(1) R is an AGG ring and level.

(2) Q(R) is a Gorenstein ring and a(R) =1 —d.
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Example 4.4
Let S=k[X;|1<i<m1<;j<n](2<m<n)and k an infinite field.
We put

R = 5/L(X)

where 2 <t < m, X = [Xj]. Then

Risan AGGring <= m=n,orm#nand t=m=2.

Example 4.5
Let R = k[X1, X2,...,X4] (d > 1), k an infinite field, and 1 < n € Z.

@ R(" = k[R,] is an AGG ring, if d < 2.

@ Suppose that d > 3. Then

R(" is an AGG ring <= n|d, ord=3and n=2.
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AGG rings

Example 4.6

Look at the simplicial complex A :

Then R = k[A] is an AGG ring with dim R = 3.
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Theorem 4.7

Let (A, m) be a CM local ring with |A/m| = oo, possessing the canonical
module K. Let | be an m-primary ideal of A. If G = gr;(A) is an AGG
ring and r(G) = r(A), then A is an AGL ring.
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Two-dimensional rational singularities

Two-dimensional rational singularities

Setting 5.1
@ (R,m) a CM local ring with d = dim R
@ |R/m| =00
@ d Kg the canonical module of R
® v(R) = pr(m), &(R) = ey (R)

® G =gry(R) = @,som"/m"

Naoki Taniguchi (Waseda University) Almost Gorenstein rings January 17, 2019



Two-dimensional rational singularities

Theorem 5.2
(1) Suppose that G is an AGG ring and level. Then R is an AGL ring.

(2) Suppose that R is an AGL ring and v(R) =e(R)+d — 1. Then G is
an AGG ring and level.

Corollary 5.3
Suppose that v(R) = e(R) + d — 1. Then TFAE.

(1) R is an AGL ring.
(2) G is an AGG ring.

(3) Q(G) is a Gorenstein ring.
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Two-dimensional rational singularities

Corollary 5.4

Suppose that v(R) =e(R)+d — 1 and R is a normal ring. If m is a
normal ideal, then R is an AGL ring.

Corollary 5.5

Every two-dimensional rational singularity is an AGL ring.

Corollary 5.6

Every two-dimensional CM complete local ring R of finite CM
representation type is an AGL ring, provided R contains a field of
characteristic 0.
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Further results

Further results

@ [Goto-Matsuoka-T-Yoshida, Goto-Rahimi-T-Truong]
-+ Almost Gorenstein Rees algebras
[Goto-Takahashi-T]

-+ Almost Gorenstein rings and Ulrich ideals
[Celikbas-Celikbas-Goto-T]

-+ Almost Gorenstein Arf rings

[Higashitani]

-+ Almost Gorenstein homogeneous rings and h-vectors
[Miyazaki]

-+ Almost Gorenstein Hibi rings

[Matsuoka-Murai]

-+ Almost Gorenstein Stanley-Reisner rings
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Further results

Thank you so much for your attention.
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